
Ïðàâèòåëüñòâî Ðîññèéñêîé Ôåäåðàöèè Ôåäåðàëüíîå ãîñóäàðñòâåííîå

àâòîíîìíîå îáðàçîâàòåëüíîå ó÷ðåæäåíèå âûñøåãî

ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò
Âûñøàÿ øêîëà ýêîíîìèêè

Ôàêóëüòåò Áèçíåñ-Èíôîðìàòèêè
Îòäåëåíèå ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàòèêè

Äèïëîìíàÿ ðàáîòà íà òåìó
Îöåíêà âðåìåíè ïðîöåññà óïðàâëåíèÿ íåêîòîðîé
ëèíåéíîé äèíàìè÷åñêîé ñèñòåìîé ñ äèññèïàöèåé

Âûïîëíèë ñòóäåíò ãðóïïû 472ÏÌÈ

Áî÷àðîâ Ìàðê Àëåêñååâè÷

Íàó÷íûé ðóêîâîäèòåëü:

ê.-ô.ì.í Ðîìàíîâ Èãîðü Âèêòîðîâè÷

Ìîñêâà 2014

1



Îãëàâëåíèå

Îïèñàíèå ïðåäìåòíîé îáëàñòè ......................................................... 3

Èñòîðè÷åñêàÿ ñïðàâêà ...................................................................... 3

Àêòóàëüíîñòü ïðîáëåìû ................................................................... 3

Ïîñòðîåíèå îïòèìàëüíîãî óïðàâëåíèÿ ............................................ 5

Êîíñòðóèðîâàíèå êðèâîé ïåðåêëþ÷åíèé ......................................... 8

Îöåíêà âðåìåíè ................................................................................ 14

Äðóãèå îöåíêè .................................................................................. 20

Çàêëþ÷åíèå ...................................................................................... 22

Ñïèñîê ëèòåðàòóðû .......................................................................... 23

2



Àííîòàöèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïðèâåäåíèÿ â ïîêîé äèíàìè÷åñêèõ ñè-
ñòåìàì ñ äèññèïàöèåé. Ïîä ïðèâåäåíèå â ïîêîé áóäåì ïîíèìàòü, ÷òî îòêëîíåíèå
îñöèëëÿòîðà îò ïîëîæåíèÿ ðàâíîâåñèÿ è ñêîðîñòü â äàííîì ïîëîæåíèå òîæäå-
ñòâåííî ðàâíû íóëþ. Â íàøåì ñëó÷àå äèññèïàöèþ áóäåì ââîäèòü â âèäå òðåíèÿ î
âíåøíþþ ñðåäó. Ñèñòåìà ïðèâîäèòñÿ â ïîêîé óïðàâëåíèåì îãðàíè÷åííûì ïî àá-
ñîëþòíîé âåëè÷èíå. Çàäà÷à èìååò òðè ôîðìàëüíûõ öåëè. Âî-ïåðâûõ íåîáõîäèìî
íàéòè u(t) òàêîå ÷òî ñèñòåìà ïðèâîäèòñÿ â ïîëîæåíèå ðàâíîâåñèÿ çà êðàò÷àé-
øåå âðåìÿ. Çàòåì íåîáõîäèìî ïîñòðîèòü êðèâóþ ïåðåêëþ÷åíèé (òî åñòü êðèâîé
íà êîòîðîé óïðàâëåíèå ìåíÿåò çíàê) äàííîé äèíàìè÷åñêîé ñèñòåìû. È â çàêëþ-
÷åíèå òðåáîâàëîñü îöåíèòü âðåìåíè ïðîöåññà óïðàâëåíèÿ (äëÿ ñëó÷àÿ ñ ðàçëè÷-
íûì êîëè÷åñòâîì ïåðåêëþ÷åíèé). Â ðàáîòå èñïîëüçîâàëèñü ðàçëè÷íûå ìåòîäû
òåîðèè óïðàâëåíèÿ äèíàìè÷åñêèìè ñèñòåìàìè . Èñïîëüçóÿ ïðèíöèï ìàêñèìó-
ìà Ïîíòðÿãèíà ñòðîèì îïòèìàëüíîå ïî âðåìåíè óïðàâëåíèå. Èñïîëüçóÿ êðàå-
âûå óñëîâèÿ äëÿ äóã îïòèìàëüíûõ êðèâûõ ìû ìîæåì ïîñòðîèòü ïåðâóþ äóãó
êðèâîé ïåðåêëþ÷åíèÿ. Çàòåì èñïîëüçóÿ àëãîðèòì ïîñòðîåíèå ñëåäóþùåé äóãè
êðèâîé ïåðåêëþ÷åíèÿ èç ïðåäûäóùåé ïîëó÷èì ïàðàìåòðè÷åñêîé ïðåäñòàâëå-
íèå j-é äóãè êðèâîé ïåðåêëþ÷åíèÿ. Ïðîöåññ êîíñòðóèðîâàíèÿ îöåíêè âðåìåíè
çíà÷èòåëüíî îòëè÷àåòñÿ â çàâèñèìîñòè îò ïîëîæåíèÿ íà÷àëüíîé òî÷êè íàøåãî
äèíàìè÷åñêîãî ïðîöåññà. Â äàííîé ðàáîòå ïîñòðîåíû îöåíêè äëÿ êîëè÷åñòâà ïå-
ðåêëþ÷åíèé j ≥ 2 , à òàêæå äëÿ ñëó÷àÿ îòñóòñòâèÿ ïåðåêëþ÷åíèé. Çàäà÷à èìååò
øèðîêèé ñïåêòð ïðèìåíåíèé â èññëåäîâàíèÿõ ïîñâÿùåííûõ òåîðèè óïðàâëåíèÿ
ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè. Â äàëüíåéøåì ïëàíèðóåòñÿ èçó÷èòü ðàñøè-
ðåíèå ìîäåëè õàðàêòåðèçóþùåå èçìåíåíèå îöåíîê ïðè ðàçëè÷íûõ èçìåíåíèÿõ
íå òîëüêî êîýôôèöèåíòà òðåíèÿ , íî è êîýôôèöèåíòà îòâå÷àþùåãî çà ÷àñòîòó
êîëåáàíèé.
In this paper we consider the problem of control process of a linear dynamic system

with dissipation. Model described by the second-order di�erential equation. A control
method is proposed which drives the controlled system into the null state in a �nite
time. The control on the right side of the equation is assumed to be bounded in
absolute value. By bringing in the rest will understand that the deviation from the
equilibrium position of the oscillator and the speed in this position are identically
zero. For the dissipation term in the equation corresponds the �rst time derivative of
the angle of deviation. The task has three formal objectives. Firstly we should �nd
u(t) such that the system provides to its equilibrium position in the shortest time.
Then we need to construct a switching curve ( a curve on which control changes sign
) of the dynamical system. In conclusion, the time required to evaluate the control
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process (for the case with di�erent number of switching) . We used various methods
of the theory of dynamic systems .Using Pontryagin's maximum principle construct
optimal time control. Using the boundary conditions for the optimal arcs of curves
we can build the �rst arc of the switching curve. Then, using an algorithm to build
the next arc of switching from the previous obtain a parametric representation of
j- th arc of the curve shift . And �nally our purpose is the estimation of the time
of motion along the optimal phase trajectory. In this case we suppose the initial
point lies on the jth arc of the logarithmic spiral of the switching curve. Then we
should construct estimate dependent on the total number of sections counting from
the origin of coordinates. The process of construction time estimates varied greatly
depending on the position of the starting point of our dynamic process. In this
paper, we construct estimates for the number of starts j ≥ 2 , and for the case of no
switching . In the future we plan to study the extension of the model characterizes
the change in estimates under a factor responsible for the oscillation frequency .
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Îïèñàíèå ïðåäìåòíîé îáëàñòè.

Ñîâðåìåííàÿ ìàòåìàòè÷åñêàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì è îïòèìàëüíûõ
ïðîöåññîâ îõâàòûâàåò øèðîêèé êðóã àêòóàëüíûõ çàäà÷, âêëþ÷àåò áîëüøîå ÷èñ-
ëî ðàçíîîáðàçíûõ ìåòîäîâ óïðàâëåíèÿ, íàáëþäåíèÿ, îöåíèâàíèÿ è èìååò ïðî÷-
íûå ñâÿçè ñ äðóãèìè ðàçäåëàìè ñîâðåìåííîé ìàòåìàòèêè è ìíîãî÷èñëåííûå
ïðèëîæåíèÿ. Åå ñòàíîâëåíèå îòíîñèòñÿ ê ñåðåäèíå XX-ãî ñòîëåòèÿ è ñâÿçàíî ñ
èìåíàìè
âûäàþùèõñÿ îòå÷åñòâåííûõ ó÷åíûõ , òàêèõ êàê Ë.Ñ. Ïîíòðÿãèí, Â.Ã. Áîëòÿí-
ñêèé, Ð.Â. Ãàìêðåëèäçå , À.À. Ìèëþòèí , Å.Ô. Ìèùåíêî , Â.Ì. Òèõîìèðîâ ,
Ô.Ë. ×åðíîóñüêî , À.ß. Äóáîâèöêèé , Â. Ì. Àëåêñååâ , Ý. Ì. Ãàëååâ ,
Â. Ì. Òèõîìèðîâ ,Â. Â. Àëåêñàíäðîâ ,Ñ. Ñ. Ëåìàê , Í.À. Ïàðóñíèêîâ .

Èñòîðè÷åñêàÿ ñïðàâêà.

Â 1956 Ëåâ Ñåìåíîâè÷ Ïîíòðÿãèí è åãî ó÷åíèêè ñôîðìóëèðîâàëè ïðèíöèï
ìàêñèìóìà(ìèíèìóìà) Ïîíòðÿãèíà. Ýòîò ïîäõîä èñïîëüçîâàëñÿ äëÿ ïîñòðîåíèÿ
òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ è ïîèñêà íàèáîëåå ïîäõîäÿùåãî óïðàâëåíèÿ
ïðèâîäÿùåãî ñèñòåìó èç îäíîãî ïîëîæåíèÿ â äðóãîå. Ëåâ Ñåìåíîâè÷ Ïîíòðÿãèí
è Âëàäèìèð Ãåîðãèåâè÷ Áîëòÿíñêèé áûëè ïåðâûìè ó÷åíûìè èññëåäîâàâøèìè
ðàçëè÷íûå ìåòîäû óïðàâëåíèÿ ïðèâîäÿùèìè óïðàâëÿåìóþ ñèñòåìó â ñîñòîÿíèå
ïîêîÿ çà êîíå÷íîå âðåìÿ. Ïîä ïðèâåäåíèåì â ïîêîé áóäåì ïîíèìàòü, ÷òî îòêëî-
íåíèå îñöèëÿòîðà îò ïîëîæåíèÿ ðàâíîâåñèÿ è ñêîðîñòü â äàííîì ïîëîæåíèå òîæ-
äåñòâåííî ðàâíû íóëþ. Â êíèãå [8] À.Ã. Áóòêîâñêèé äîêàçàë ñóùåñòâîâàíèå îãðà-
íè÷åíîãî ( ïî àáñîëþòíîé âåëè÷èíå) ãðàíè÷íîãî óïðàâëåíèÿ, êîòîðîå ïðèâîäèò
êîëåáëþþùóþñÿ ñòðóíó â ïîëîæåíèå ðàâíîâåñèÿ. Â 1992 ãîäó Ô.Ë. ×åðíîóñüêî
îïóáëèêîâàë ñòàòüþ "Bounded Controls in Distributed-Parameter Systems"[6]. Â
íåé îí îïèñàë ìåòîäû óïðàâëåíèÿ ïðèâîäÿùèå äèíàìè÷åñêóþ ñèñòåìó â ïîëî-
æåíèå ðàâíîâåñèÿ , à òàêæå ïîñòðîèë ïðîñòåéøèå îöåíêè âðåìåíè íåîáõîäèìî-
ãî äëÿ ïðîöåññà óïðàâëåíèÿ. Â äàííîé ìîíîãðàôèè áûëà ðàñìîòðåíà ïðîáëåìà
óïðàâëåíèÿ äëÿ óðàâíåíèÿ ñòðóíû áåç äèññèïàöèè. Áûëî äîêàçàíî, ÷òî êîëå-
áàíèå ñîîáùåííîå ìåõàíè÷åñêîé ñèñòåìå ìîæíî ïîãàñèòü è ïðèâåñòè ñèñòåìó â
ïîëîæåíèå ðàâíîâåñèÿ çà êîíå÷íîå âðåìÿ ïðèìåíÿÿ îãðàíè÷åíîå ïî àáñîëþòíîé
âåëè÷èíå óïðàâëåíèå.
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Àêòóàëüíîñòü ïðîáëåìû.

Äàííàÿ ðàáîòà çíà÷èòåëüíî îòëè÷àåòñÿ îò ïðåäûäóùèõ. Â ìîåì äèïëîìíîì ïðî-
åêòå áûëè ðàññìîòðåíû ñèñòåìû ñ äèññèïàöèåé. Äèññèïàöèåé íàçûâàåòñÿ ïðî-
öåññ òðàíñôîðìàöèè ýíåðãèè èç îäíîé ôîðìû â äðóãóþ. Ñóùåñòâóåò ìíîæåñòâî
ñïîñîáîâ îïèñàòü ïðîöåññû ñ äèññèïàöèåé. Â íàøåì ñëó÷àå äèññèïàöèþ áóäåì
ââîäèòü â âèäå òðåíèÿ î âíåøíþþ ñðåäó. Çà äèññèïàöèþ â íàøåì óðàâíåíèå
îòâå÷àåò ñëàãàåìîå â âèäå ïåðâîé ïðîèçâîäíîé ïî âðåìåíè îò óãëà îòêëîíåíèÿ
óìíîæåííîé íà êîýôôèöèåíò òðåíèÿ.
Â äàííîé ðàáîòå áóäåò ðàññìîòðåíà ïðîáëåìà óïðàâëåíèÿ ëèíåéíîé äèíàìè-
÷åñêîé ñèñòåìûîïèñûâàåìîé ÎÄÓ 2-ãî ïîðÿäêà ñ äèññèïàöèåé. Ãëàâíàÿ öåëü
ðåøàåìîé çàäà÷è ýòî ïðèâåäåíèå ñèñòåìû èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â
ñîñòîÿíèå ïîêîÿ çà êîíå÷íîå âðåìÿ. Ïðè ýòîì íà óïðàâëåíèå ñîñðåäîòî÷åííîå â
ïðàâîé ÷àñòè óðàâíåíèÿ íàêëàäûâàåòñÿ îãðàíè÷åíèå ïî àáñîëþòíîé âåëè÷èíå.
Ïîìèìî âîïðîñà óïðàâëÿåìîñòè òðåáóåòñÿ îöåíèòü âðåìÿ íåîáõîäèìîå äëÿ ïðè-
âåäåíèÿ ñèñòåìû â ïîêîé. Ðàáîòà íîñèò â îñíîâíîì òåîðåòè÷åñêèé õàðàêòåð.
Ðàçâèòûé â íåé ìàòåìàòè÷åñêèé àïïàðàò è ïîëó÷åííûå ðåçóëüòàòû îòêðûâà-
þò âîçìîæíîñòè èññëåäîâàíèÿ íîâûõ çàäà÷ óïðàâëåíèÿ. Ýòè ðåçóëüòàòû ìîãóò
ïîñëóæèòü îñíîâîé àíàëèçà êîíêðåòíûõ çàäà÷ óïðàâëåíèÿ ñèñòåìàìè, à òàêæå
èíñòðóìåíòîì äëÿ ðàçðàáîòêè è îáîñíîâàíèÿ ýôôåêòèâíûõ àëãîðèòìîâ ïîñòðî-
åíèÿ óïðàâëåíèé, ðàçðåøàþùèõ ýòè çàäà÷è.
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Ïîñòðîåíèå îïòèìàëüíîãî óïðàâëåíèÿ.

Ðàññìîòðèì äèôôèðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

ẍ+ 2ẋ+ 2x = u (1)

ãäå
|u(t)| ≤ 1 (2)

Ýòî óðàâíåíèå ýêâèâàëåíòíî ñèñòåìå óðàâíåíèé{
ẏ1(t) = −y1(t)− y2(t)

ẏ2(t) = y1(t)− y2(t) + u(t)
(3)

Íàì íåîáõîäèìî èçó÷èòü âîïðîñ î ñêîðåéøåì ïðèâèäåíèå ñèñòåìû â ïîëîæåíèå
ðàâíîâåñèÿ (0,0) èç íåêîòîðîé íà÷àëüíîé òî÷êè ξ, η. Äðóãèìè ñëîâàìè íàì òðå-
áóåòñÿ ïîñòðîèòü îïòèìàëüíîå óïðàâëåíèå ïåðåâîäÿùåå ñèñòåìó èç íà÷àëüíîãî
ïîëîæåíèÿ ξ, η â êîíå÷íóþ òî÷êó (0,0). Áóäåì èñïîëüçîâàòü ïðèíöèï ìàêñèìóìà
Ïîíòðÿãèíà.
Â íàøåì ñëó÷àå ôóíêöèÿ Ãàìèëüòîíà èìååò âèä

H = −ϕ1(y1 + y2) + ϕ2(y1 − y2 − u) (4)

Òîãäà ðàññìîòðèì ñèñòåìó óðàâíåíèé äëÿ íîâûõ ïåðåìåííûõ ϕ1 è ϕ2
∂ϕ1(t)

∂t
= −∂H

∂y1
= ϕ1 − ϕ2

∂ϕ2(t)

∂t
= −∂H

∂y2
= ϕ1 + ϕ2

(5)

Äëÿ ðåøåíèÿ ýòîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðåïèøåì åå â âèäå
îäó 2-ãî ïîðÿäêà

ẍ− 2ẋ+ 2x = 0 (6)

Âûïèøåì õàðàêòåðåñòè÷åñêèé ìíîãî÷ëåí äëÿ ýòîãî óðàâíåíèÿ.

λ2 − 2λ+ 2 = 0 (6)

Ñëåäîâàòåëüíî èìååì äâà ðàçëè÷íûõ êîìïëåêñíî-ñîïðÿæåííûõ êîðíÿ λ = 1± i
. Â íàøåì ñëó÷àå êîðíè ìíèìûå è ñëåäîâàòåëüíî êîïìëåêñíî-ñîïðÿæåííûå. Â
òàêîì ñëó÷àå ðåøåíèå ñèñòåìû áóäåò èìåòü âèä

ϕ1 = et(−c1 sin(t) + c2cos(t)) (7)
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ϕ2 = et(c1 cos(t) + c2 sin(t)) (8)

,ãäå c1 è c2 íåêîòîðûå êîíñòàíòû. Ëåãêî çàìåòèòü, ÷òî ôóíêöèÿ ϕ2 ìîæåò áûòü
ïðåäñòàâëåííà â âèäå

ϕ2 = et(c1 cos(t) + c2 sin(t)) = etR sin(t− α) (9)

,ãäå R>0 è α íåêîòîðûå êîíñòàíòû.
Èñïîëüçóÿ ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà îïòèìàëüíîå óïðàâëåíèå ìîæåò áûòü
íàéäåíî èç (4) è ó÷èòûâàÿ (9) â âèäå

u = sign(ϕ2) = sign(etR sin(t− α)) = sign(sin(t− α)) (10)

Òàêèì îáðàçîì âèäèì,÷òî îïòèìàëüíîå óïðàâëåíèå u(t) ïîëó÷åíî èç ôóíêöèè
sign(sin(t)) ñäâèãîì íà íåêîòîðóþ âåëè÷èíó α. Òîãäà u(t) äîëæíî èìåòü âèä

Ðèñ. 1

Èçó÷èâ ïðîìåæóòêè ïîñòîÿíñòâà íàøåãî óïðàâëåíèÿ, îáðàòèì âíèìàíèå íà
âñïîìîãàòåëüíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé{

ẏ1(t) = −y1(t)− y2(t)
ẏ2(t) = y1(t)− y2(t)

(13)

Ýòî ñèñòåìà èìååò äâà ðàçëè÷íûõ êîìïëåêñíî-ñîïðÿæåííûõ êîðíÿ λ = −1 ± i
. Â íàøåì ñëó÷àå êîðíè ìíèìûå è ñëåäîâàòåëüíî êîïìëåêñíî-ñîïðÿæåííûå. Â
òàêîì ñëó÷àå ðåøåíèå ñèñòåìû áóäåò èìåòü âèä

y1 = et(c1 sin(t) + c2 cos(t)) (14)

y2 = et(c1 cos(t)− c2 sin(t)) (15)
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,ãäå c1 è c2 íåêîòîðûå êîíñòàíòû.
Î÷åâèäíî , ÷òî ôàçîâûå òðàåêòîðèè äàííîãî ïðîöåññà ýòî êóñêè ëîãàðèôìè÷å-
ñêèõ ñïèðàëåé. Òàêèì îáðàçîì ìû ìîæåì ñ ïîìîùüþ âñïîìîãàòåëüíîé ñèñòåìû
(14) ìîäåëèðîâàòü äâèæåíèå ñèñòåìû ïðè ðàçëè÷íîì óïðàâëåíèè.
Ïðåäïîëîæèì u(t) = 1 òîãäà íàøà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè-
íèìàåò âèä {

ẏ1(t) = −y1(t)− y2(t)
ẏ2(t) = y1(t)− y2(t) + 1

(16)

Òîãäà îáùåå ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé èìååò âèä

y1 = c1e
−t cos(t) + c2e

−t sin(t) + 1/2 (17)

y2 = e−t cos(t)(−c1 + c2)− e−t sin(t)(c1 + c2) (18)

Àíàëîãè÷íî, ïðåäïîëîæèì u(t) = −1 òîãäà íàøà ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé ïðèíèìàåò âèä {

ẏ1(t) = −y1(t)− y2(t)
ẏ2(t) = y1(t)− y2(t)− 1

(19)

Òîãäà îáùåå ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé èìååò âèä

y1 = c1e
−t cos(t) + c2e

−t sin(t)− 1/2 (20)

y2 = e−t cos(t)(−c1 + c2)− e−t sin(t)(c1 + c2) (21)

Òàê êàê íàøå óïðàâëåíèå êóñî÷íî íåïðåðûâíàÿ ôóíêöèÿ ðàâíàÿ ïîïåðåìåííî
±1 òî íàøà óïðàâëÿåìàÿ ñèñòåìà äâèæåòñÿ âäîëü ëîãàðèôìè÷åñêèõ ñïèðàëåé
îïèñàííûõ â óðàâíåíèÿõ (17),(18),(20),(21).
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Êîíñòðóèðîâàíèå êðèâîé ïåðåêëþ÷åíèé.

Íà äàííîì ýòàïå íàøåé îñíîâíîé öåëüþ ÿâëÿåòñÿ àíàëèòè÷åñêèå ïîñòðîåíèå
êðèâîé ïåðåêëþ÷åíèé. Íà äàííîé êðèâîé íàøå óïðàâëåíèå u(t) ìåíÿåò ñâîé
çíàê.
Òàê êàê êîíå÷íîé öåëüþ íàøåãî óïðàâëåíèÿ ÿâëååòñÿ ïîïàäàíèå â íà÷àëî êîîð-
äèíàò (0,0) , òî ìû ìîæåì ïîñòðîèòü ïåðâóþ äóãó ïåðåêëþ÷åíèÿ.
Ïðåäïîëîæèì u(t) = 1 , òîãäà êðèâàÿ îïèñûâàåìàÿ óðàâíåíèÿìè (17), (18) áóäåò
êðèâîé ïåðåêëþ÷åíèÿ â ñëó÷àå åñëè ïðè t = π èìååòñÿ òîæäåñòâåííîå ðàâåí-
ñòâî (y1, y2) = (0, 0). Ëåãêî óáåäèòüñÿ, ÷òî ëþáàÿ êðèâàÿ êîòîðàÿ äîñòèãíåò
äàííîé äîëæíà ñðàçó ïåðåêëþ÷èòüñÿ íà äèâæåíèå ïî äàííîé êðèâîé, òàê êàê
îíî ÿâëÿåòñÿ íàèáîëåå áûñòðûì ïóòåì ïîçâîëÿþùèì äîñòèãíóòü òî÷êè íà÷àëà
êîîðäèíàò. Òàêèì îáðàçîì ìû ïîëó÷àåì ñèñòåìó óðàâíåíèé ñ ãðàíè÷íûìè óñëî-
âèÿìè.

y1 |t=π= (c1e
−t cos(t) + c2e

−t sin(t) + 1/2) |t=π= c1e
−π cos(π)+

+c2e
−π sin(π) + 1/2 = −c1e−π + 1/2 = 0 (22)

y2 |t=π= (e−t cos(t)(−c1 + c2)− e−t sin(t)(c1 + c2)) |t=π=
= e−π cos(π)(−c1 + c2)− e−π sin(π)(c1 + c2) = −e−π(−c1 + c2) = 0 (23)

Òîãäà èç ñèñòåìû óðàâíåíèé (22),(23) èìååì{
−c1e−π + 1/2 = 0

−e−π(−c1 + c2) = 0
(24)

Îòêóäà ïîëó÷àåì

c1 =
eπ

2
; c2 = c1 =

eπ

2
Òàêèì îáðàçîì ìû ïîëó÷èëè ïåðâóþ äóãó êðèâîé ïåðåêëþ÷åíèé äëÿ óïðàâëåíèÿ
u(t) = 1

y1 =
1

2
(eπ−t cos(t) + eπ−t sin(t) + 1) (25)

y2 = e−t(−eπ sin(t)) (26)

Ïðåäïîëîæèì u(t) = −1 , òîãäà êðèâàÿ îïèñûâàåìàÿ óðàâíåíèÿìè (20), (21)
áóäåò êðèâîé ïåðåêëþ÷åíèÿ â ñëó÷àå åñëè ïðè t = π èìååòñÿ òîæäåñòâåííîå

10



ðàâåíñòâî (y1, y2) = (0, 0). Ëåãêî óáåäèòüñÿ, ÷òî ëþáàÿ êðèâàÿ êîòîðàÿ äîñòèã-
íåò äàííîé äîëæíà ñðàçó ïåðåêëþ÷èòüñÿ íà äâèæåíèå ïî äàííîé êðèâîé, òàê
êàê îíî ÿâëÿåòñÿ íàèáîëåå áûñòðûì ïóòåì ïîçâîëÿþùèì äîñòèãíóòü òî÷êè íà-
÷àëà êîîðäèíàò. Òàêèì îáðàçîì ìû ïîëó÷àåì ñèñòåìó óðàâíåíèé ñ ãðàíè÷íûìè
óñëîâèÿìè.

y1 |t=π= (c1e
−t cos(t) + c2e

−t sin(t)− 1/2) |t=π= c1e
−π cos(π)+

+c2e
−π sin(π) + 1/2 = −c1e−π − 1/2 = 0 (27)

y2 |t=π= (e−t cos(t)(−c1 + c2)− e−t sin(t)(c1 + c2)) |t=π=
= e−π cos(π)(−c1 + c2)− e−π sin(π)(c1 + c2) = −e−π(−c1 + c2) = 0 (28)

Òîãäà èç ñèñòåìû óðàâíåíèé (27),(27) èìååì{
−c1e−π − 1/2 = 0

−e−π(−c1 + c2) = 0
(29)

Îòêóäà ïîëó÷àåì

c1 = −
eπ

2
; c2 = c1 = −e

π

2
Òàêèì îáðàçîì ìû ïîëó÷èëè ïåðâóþ äóãó êðèâîé ïåðåêëþ÷åíèé äëÿ óïðàâëå-
íèÿ u(t) = −1

y1 = −
1

2
(eπ−t cos(t) + eπ−t sin(t) + 1) (30)

y2 = e−t(eπ sin(t)) (31)

Òîãäà ïåðâàÿ äóãà êðèâîé ïåðêëþ÷åíèé ïðè óïðàâëåíèè u = ±1 èìååò âèä
Äàëåå íàøåé îñíîâíîé öåëüþ áóäåò àíàëèòè÷åñêîå ïîñòðîåíèå êðèâîé ïåðåêëþ-
÷åíèé. Îïèøåì ïðîöåññ ïîñòðîåíèé ñëåäóþùåé äóãè. Ðàññìîòðèì âòîðóþ äóãó
ïåðåêëþ÷åíèé ïðè u(t) = −1. Ïðåäïîëîæèì , ÷òî íåêîòîðàÿ òî÷êà èç êîòî-
ðîé âûõîäèò íàø ïðîöåññ ëåæèò íà âòîðîé äóãå ïåðåêëþ÷åíèé. Òîãäà ýòà äóãà
îïèñûâàåòñÿ óðàâíåíèÿìè (20) , (21). Ïðåäïîëîæèì , ÷òî êîíñòàíòû â ýòèõ óðàâ-
íåíèÿõ çàâèñÿò îò íåêîòîðîãî ïàðàìåòðà τ ∈ [0, π]. Òîãäà íàøà êðèâàÿ ìîæåò
áûòü îïèñàíà óðàâíåíèÿìè

y1 = c1(τ)e
−t cos(t) + c2(τ)e

−t sin(t)− 1/2 (32)

y2 = e−t cos(t)(−c1(τ) + c2(τ))− e−t sin(t)(c1(τ) + c2(τ)) (33)

Î÷åâèäíî, ÷òî ðàññìàòðèâàåìàÿ êðèâàÿ äîñòèãàåò ïåðâîé äóãè êðèâîé ïåðåêëþ-
÷åíèé (äëÿ u(t) = 1 ) ïðè t = π . Òàêèì îáðàçîì ïîëó÷àåì ñèñòåìó óðàâíåíèé ñ
ãðàíè÷íûìè óñëîâèÿìè

y1 |t=π= c1(τ)e
−π cos(π) + c2(τ)e

−π sin(π)− 1/2 = −c1(τ)e−π − 1/2 =
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Ðèñ. 2

=
1

2
(eπ−τ cos(τ) + eπ−τ sin(τ) + 1) (34)

y2 |t=π= e−π cos(π)(−c1(τ) + c2(τ))− e−π sin(π)(c1(τ) + c2(τ)) =

= −e−π(−c1(τ) + c2(τ)) = e−τ(−eπ sin(τ)) (35)

Òàêèì îáðàçîì ïîëó÷àåì ñèñòåìó óðàâíåíèé−c1(τ)e−π − 1/2 =
1

2
(eπ−τ cos(τ) + eπ−τ sin(τ) + 1)

−e−π(−c1(τ) + c2(τ)) = e−τ(−eπ sin(τ))
(36)

Èç êîòîðîé ïîëó÷àåì

c1(τ) =
1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ) (37)

c2(τ) = e2π−τ sin(τ) + c1(τ) =

= e2π−τ sin(τ) +
1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ) =

=
1

2
(−e2π−τ cos(τ) + e2π−τ sin(τ)− 2eπ) (38)

12



Òîãäà âòîðàÿ ÷àñòü äóãè êðèâîé ïåðêëþ÷åíèé ìîæåò áûòü îïèñàíà èç óðàâíåíèé
(32) , (33) ñ ó÷åòîì ïîëó÷åíûõ âûðàæåíèé äëÿ c1(τ) è c2(τ) ïðè t = 0

y1 = c1(τ)e
−0 cos(0) + c2(τ)e

−0 sin(0)− 1/2 = c1(τ)− 1/2 =

=
1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ)− 1/2 (39)

y2 = e−0 cos(0)(−c1(τ) + c2(τ))− e−0 sin(0)(c1(τ) + c2(τ)) = −c1(τ) + c2(τ) =

= −1
2
(−e2π−τ cos(τ)−e2π−τ sin(τ)−2eπ)+

1

2
(−e2π−τ cos(τ)+e2π−τ sin(τ)−2eπ) =

= e2π−τ sin(τ) (40)

Òåïåðü îïèøåì ïðîöåññ ïîñòðîåíèé ñëåäóþùåé äóãè. Ðàññìîòðèì âòîðóþ äóãó
ïåðåêëþ÷åíèé ïðè u(t) = 1. Ïðåäïîëîæèì , ÷òî íåêîòîðàÿ òî÷êà èç êîòîðîé
âûõîäèò íàø ïðîöåññ ëåæèò íà âòîðîé äóãå ïåðåêëþ÷åíèé. Òîãäà ýòà äóãà îïè-
ñûâàåòñÿ óðàâíåíèÿìè (17) , (18). Ïðåäïîëîæèì , ÷òî êîíñòàíòû â ýòèõ óðàâ-
íåíèÿõ çàâèñÿò îò íåêîòîðîãî ïàðàìåòðà τ ∈ [0, π]. Òîãäà íàøà êðèâàÿ ìîæåò
áûòü îïèñàíà óðàâíåíèÿìè

y1 = c1(τ)e
−t cos(t) + c2(τ)e

−t sin(t) + 1/2 (41)

y2 = e−t cos(t)(−c1(τ) + c2(τ))− e−t sin(t)(c1(τ) + c2(τ)) (42)

Î÷åâèäíî, ÷òî ðàññìàòðèâàåìàÿ êðèâàÿ äîñòèãàåò ïåðâîé äóãè êðèâîé ïåðåêëþ-
÷åíèé (äëÿ u(t) = −1 ) ïðè t = π . Òàêèì îáðàçîì ïîëó÷àåì ñèñòåìó óðàâíåíèé
ñ ãðàíè÷íûìè óñëîâèÿìè

y1 |t=π= c1(τ)e
−π cos(π) + c2(τ)e

−π sin(π) + 1/2 = −c1(τ)e−π + 1/2 =

= −1
2
(eπ−τ cos(τ) + eπ−τ sin(τ)− 1) (43)

y2 |t=π= e−π cos(π)(−c1(τ) + c2(τ))− e−π sin(π)(c1(τ) + c2(τ)) =

= −e−π(−c1(τ) + c2(τ)) = e−τ(eπ sin(τ)) (44)

Òàêèì îáðàçîì ïîëó÷àåì ñèñòåìó óðàâíåíèé−c1(τ)e−π + 1/2 = −1
2
(eπ−τ cos(τ) + eπ−τ sin(τ)− 1)

−e−π(−c1(τ) + c2(τ)) = e−τ(eπ sin(τ))
(45)

Èç êîòîðîé ïîëó÷àåì

c1(τ) = −
1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ) (46)
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c2(τ) = −e2π−τ sin(τ) + c1(τ) =

= −e2π−τ sin(τ)− 1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ) =

=
1

2
(e2π−τ cos(τ)− e2π−τ sin(τ) + 2eπ) (47)

Òîãäà âòîðàÿ ÷àñòü äóãè êðèâîé ïåðêëþ÷åíèé ìîæåò áûòü îïèñàíà èç óðàâíåíèé
(41) , (42) ñ ó÷åòîì ïîëó÷åíûõ âûðàæåíèé äëÿ c1(τ) è c2(τ) ïðè t = 0

y1 = c1(τ)e
−0 cos(0) + c2(τ)e

−0 sin(0) + 1/2 = c1(τ) + 1/2 =

=
1

2
(e2π−τ cos(τ) + e2π−τ sin(τ) + 2eπ) + 1/2 (49)

y2 = e−0 cos(0)(−c1(τ) + c2(τ))− e−0 sin(0)(c1(τ) + c2(τ)) = −c1(τ) + c2(τ) =

=
1

2
(−e2π−τ cos(τ)− e2π−τ sin(τ)− 2eπ) +

1

2
(e2π−τ cos(τ)− e2π−τ sin(τ) + 2eπ) =

= −e2π−τ sin(τ) (50)

Òîãäà ïåðâûå äâå äóãè íàøåé êðèâîé ïåðåêëþ÷åíèÿ (ñîîòâåòñòâóþùèå óïðàâ-
ëåíèþ u = ±1) áóäóò èìåòü âèä êàê íà ðèñóíêå íèæå

Ðèñ. 3
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Ñëåäóþùèå ÷àñòè êðèâîé ïåðåêëþ÷åíèÿ ëåãêî ïîëó÷èòü ïðèâåäåííûì âûøå àë-
ãîðèòìîì. Âèäèì, ÷òî êðèâûå ïåðåêëþ÷åíèÿ èìåþò öåíòðàëüíóþ ñèììåòðèþ è
ñîñòîÿò èç êóñêîâ ëîãàðèôìè÷åñêèõ ñïèðàëåé. Îáå ÷àñòè êðèâîé ïåðåêëþ÷åíèÿ
ñîäåðæàòñÿ âî âòîðîì è ÷åòâåðòîì êîîðäèíàòíîì óãëàõ. Òîãäà ïàðàìåòðè÷åñêèé
âèä êðèâîé ïåðåêëþ÷åíèÿ äëÿ äóãè ñ íîìåðîì j(j ≥ 2) èìååò âèä( äëÿ ëåâîé
ïîëóïëîñêîñòè )

y1 = −
1

2
e−τ(ejπ(cos(τ) + sin(τ)) + 2

j−1∑
s=1

esπ + 1) (51)

y2 = ejπ−τ sin(τ) (52)

Ñîãëàñíî ïîëó÷åííîé ôîðìóëå ëåãêî ïîñòðîèòü òðè ïåðâûå ÷àñòè êðèâîé ïåðå-
êëþ÷åíèÿ

Ðèñ. 4
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Îöåíêà âðåìåíè.

Îöåíèì âðåìÿ äâèæåíèå âäîëü îïòèìàëüíûõ òðàåêòîðèé íàøåé çàäà÷è. Íàì
íåîáõîäèìî ïîñòðîèòü îöåíêó âðåìåíè äâèæåíèÿ îò íåêòîðîé âûáðàííîé íà-
÷àëüíîé òî÷êè (ξ, η) äî ïîëîæåíèÿ ðàâíîâåñèÿ ( 0, 0 ) ïî êóñêàì îïòèìàëüíûõ
òðàåêòîðèé ñ ïåðåêëþ÷åíèåì óïðàâëåíèÿ ñ +1 íà -1 (è íàîáîðîò) íà êðèâûõ ïå-
ðåêëþ÷åíèé. Äëÿ íà÷àëà ðàññìîòðèì ñëó÷àé â êîòîðîì íà÷àëüíàÿ òî÷êà (ξ′, η′)
â íà÷àëüíîå âðåìÿ τ = 0 ëåæèò íà äóãå êðèâîé ïåðåêëþ÷åíèÿ ñ íîìåðîì(s ≥ 2).
Òîãäà îöåíèì ðàññòîÿíèå ìåæäó ñîñåäíèìè íóëÿìè êðèâîé ïåðåêëþ÷åíèÿìè èç
(51)

y1(π)− y1(0) =
1

2
(esπ + e(s−1)π), s = 1, 2, ... (53)

Î÷åâèäíî, ÷òî ðàññòîÿíèå ìåæäó ïðîåêöèåé íàøåé íà÷àëüíîé òî÷êè (ξ′, η′) íà
îñü y1 äî íà÷àëà êîîðäèíàò áîëüøå èëè ðàâíî ñóììå äëèí ïðîåêöèèé äóã ëå-
æàùèõ ìåæäó j-é êðèâîé è íà÷àëîì êîîðäèíàò. Ëåãêî óâèäåòü , ÷òî äëèíà ïðî-
åêöèè äóãè ðàâíà ðàññòîÿíèþ ìåæäó ñîñåäíèìè íóëÿìè êðèâîé ïåðåêëþ÷åíèÿ
(53). Òîãäà ðàññìîòðèì íåðàâåíñòâî

| ξ′ |≥
j−1∑
s=1

(
1

2
(esπ + e(s−1)π)) =

1

2
(
ejπ − eπ

eπ − 1
+
e(j−1)π − 1

eπ − 1
) ≥

≥ 1

2
(
ejπ − e(j−1)π

eπ − 1
+
e(j−1)π − 1

eπ − 1
) =

1

2

ejπ − 1

eπ − 1
Òîãäà ïðåîáðàçîâàâ ýòî íåðàâåíñòâî ïîëó÷èì

2(eπ − 1) | ξ′ | +1 ≥ ejπ (54)

Ïðîëîãàðèôìèðóåì îáå ÷àñòè íåðàâåíñòâà èìååì (54)

ln[2(eπ − 1) | ξ′ | +1] ≥ jπ (55)

Åñëè íà÷àëüíàÿ òî÷êà ëåæèò íà j-é äóãå êðèâîé ïåðåêëþ÷åíèÿ , òî ñîîòâåòñòâó-
þùàÿ îïòèìàëüíàÿ òðàåêòîðèÿ èìååò j-1 ïåðåêëþ÷åíèå. Çàìåòèì, ÷òî èíòåðâàë
äâèæåíèÿ ìåæäó ñîñåäíèìè ïåðåêëþ÷åíèÿìè ðàâåí (0 , π).(ξ′, η′) äî íà÷àëà êî-
îðäèíàò (0 , 0) ìû èìååì íåðàâåíñòâî

T ′ ≤ jπ (56)
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Èñïîëüçóÿ äâà ïîñëåäíèõ íåðàâåíñòâà ìû ïîëó÷àåì

T ′ ≤ ln[2(eπ − 1) | ξ′ | +1] (57)

Ïðîöåññ ïåðåêëþ÷åíèÿ èìååò âèä ïðåäñòàâëåííûé íà ðèñóíêàõ (5-7)

Ðèñ. 5

Ðàññìîòðèì ñëó÷àé êîãäà ïðè äâèæåíèè ïî îïòèìàëüíîé òðàåêòîðèè ìû íå
èìååì ïåðåêëþ÷åíèé. Ïðåäïîëîæèì , ÷òî íà÷àëüíàÿ òî÷êà (ξ, η) ëåæèò íà ïåð-
âîé äóãå êðèâîé ïåðåêëþ÷åíèÿ. Î÷åâèäíî ÷òî òîãäà íàøà îöåíêà ïîëó÷åííàÿ
âûøå íå ïîäõîäèò. Áåç ïîòåðè îáùíàñòè ïðåäïîëîæèì, ÷òî íàøà ñèñòåìà íàõî-
äèòñÿ íà ïåðâîé äóãå ïåðåêëþ÷åíèÿ â ëåâîé ïîëóïëîñêîñòè â íà÷àëüíûé ìîìåíò
äèâæåíèÿ.
Êàê áûëî ïîêàçàíî âûøå ýòà êðèâàÿ îïèñûâàåòñÿ äâóìÿ óðàâíåíèÿìè

y1 = −
1

2
(eπ−t cos(t) + eπ−t sin(t) + 1) (58)

y2 = e−t(eπ sin(t)) (59)
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Ðèñ. 6

Âðåìÿ τ = 0 ñîîòâåòñòâóåò ëåâîìó êîíöó ýòîé êðèâîé è çà âðåìÿ äâèæåíèÿ
τ ∈ (0, π) ïðîèñõîäèò äâèæåíèå ê íà÷àëó êîîðäèíàò. Òàêèì îáðàçîì çíà÷åíèå τ
â íà÷àëüíîé òî÷êå íàøåãî äâèæåíèÿ (ξ, η) ðàñïîëîæåííîé íà ïåðâîé äóãå êðè-
âîé ïåðåêëþ÷åíèÿ ðàâíà íåêîòîðîìó çíà÷åíèþ T0. Òîãäà âðåìÿ ìàæîðèðóþùåå
âðåìÿ äëÿ äâèæåíèÿ ïî ýòîé êðèâîé èìååò âèä

T = π − T0 (60)

Èç (59) ïîëó÷èì

η = e−T0(eπ sin(T0))⇒ sin(T0) = ηeT0−π (61)

Òîãäà ñîîòâåòñòâåííî ïîëó÷èì

cos(T0) =
√

1− sin2(T0) =
√
1− η2e2(T0−π) (62)

Ðàññìîòðèì óðàâíåíèå äëÿ ïåðâîé äóãè ïåðåêëþ÷åíèÿ â ñîâîêóïíîñòè ñ ïîñëåä-
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Ðèñ. 7

íèìè óðàâíåíèÿìè

ξ =
1

2
eπ−T (

√
1− η2e2(T−π) + ηeT−π)− 1/2 =

=
1

2
(η +

√
e2(π−T ) − η2 − 1) (63)

Èç (63) èìååì

2 | ξ | + | η | +1 ≥
√
e2(π−T ) − η2 (64)

Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà (64) â êâàäðàò

(2 | ξ | + | η | +1)2 ≥ e2(π−T ) − η2 (65)

Ïðîëîãàðèôìèðóåì ïîëó÷åííîå íåðàâåíñòâî

ln(η2 + (2 | ξ | + | η | +1)2) ≥ 2 | π − T |

Îêîí÷àòåëüíî èìååì îöåíêó

T ≤ 1

2
(ln(η2 + (2 | ξ | + | η | +1)2) + 2π) (65)
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Â èòîãå ìû ðàññìîòðåëè äâà ñëó÷àÿ êîãäà ïðîöåññ èìååò áîëåå äâóõ ïåðåêëþ÷å-
íèÿ è íå èìååò íè îäíîãî. Ìû ïîëó÷èëè ðåóëüòàòû îöåíêè âðåìåíè íåîáõîäèìîãî
äëÿ îñòàíîâêè (äëÿ êîëè÷åñòâ ïåðåêëþ÷åíèé j) T ≤ ln[2(eπ − 1) | ξ′ | +1], j ≥ 2

T ≤ 1

2
(ln(η2 + (2 | ξ | + | η | +1)2) + 2π), j = 0

(66)

Ïåðâûé ñëó÷àé áûë íå ñàìûì îáùèì. Ìû ðàññìîòðåëè ñëó÷àé êîãäà íàøà íà-
÷àëüíàÿ òî÷êà ëåæèò íà j-é äóãå êðèâîé ïåðåêëþ÷åíèé. Íàì íåîáõîäèìî ðàñ-
ñìîòðåòü áîëåå îáùèé ñëó÷àé êîãäà íà÷àëüíàÿ òî÷êà (ξ, η) ëåæèò âûøå j-é êðè-
âîé ïåðåêëþ÷åíèé. Òàê êàê ïåðâîå íåðàâåíñòâî â (66) ñîäåðæèò ξ1, òî îöåíèì
(ξ1, η1) ÷åðåç (ξ, η). Äâèæåíèå èç òî÷êè (ξ, η) â (ξ1, η1) ïðîõîäèò ïî êóñêó ôà-
çîâîé òðàåêòîðèè ëåæàùåé íàä êðèâîé ïåðåêëþ÷åíèé. Òîãäà äâèæåíèå ìîæíî
îïèñàòü óðàâíåíèåì

θ̈(τ) + 2θ̇(τ) + 2θ(τ) = −1 (67)

ãäå
(τ) ∈ (0, π)

Ñäåëàåì çàìåíó υ(τ) = θ(τ) + 1. Òîãäà (67) ïðèìåò âèä

ϋ(τ) + 2υ̇(τ) + 2υ(τ) = 0 (68)

Ïðåäïîëîæèì υ(τ) ðåøåíèå óðàâíåíèÿ (68). Òîãäà äîêàæåì, ÷òî ôóíêöèÿ F (υ, υ̇)
íåâîçðàñòàþùàÿ ïî τ . Ðàññìîòðèì ïîëíóþ ïðîèçâîäíóþ îò F (υ, υ̇)

Ḟ (υ, υ̇) = 2υυ̇ + 2υ̇ϋ = 2υ̇(ϋ + υ) = 2υ̇(υ − υ − k2υ̇) ≤

≤ −2k2υ̇2 ≤ 0 (69)

Òîãäà â ñèëó íåâîçðàñòàíèÿ ôóíêöèè F (υ, υ̇) èìååì

(ξ1 + 1)2 + η21 ≤ (ξ + 1)2 + η2 (70)

Îòêóäà ðàñêðûâàÿ ñêîáêè èìååì

ξ21 + 2ξ1 + 1 + η21 ≤ ξ2 + 2ξ + 1 + η2 (71)

Òàê êàê ξ1 > 0 îòáðîñèì ξ21 + 2ξ1 è òîãäà íåðàâåíñòî (71) èìååò âèä

η21 ≤ ξ2 + 2ξ + η2 (72)

Àíàëîãè÷íî îòáðîñèâ ξ21 + η21 ìû èìååì

| ξ1 |≤
1

2
(ξ2 + 2 | ξ | +η2) (73)
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Òàêèì îáðàçîì îöåíêà â (66) èìååò îêîí÷àòåëüíûé âèä


T ≤ ln[2(eπ − 1)

√
1

2
(ξ2 + 2 | ξ | +η2) + 1], j ≥ 2

T ≤ 1

2
(ln(η2 + (2 | ξ | + | η | +1)2) + 2π), j = 0

(74)
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Äðóãèå îöåíêè.

Â ñòàòüå [7] ðàññìàòðèâàåòñÿ óïðàâëåíèå ñèñòåìîé ñ òðåíèåì

ytt(t, x)− yxx(t, x) + ω2yt(t, x) = u(t, x), t > 0

y |t=0= ϕ(x), yt |t=0= ψ(x)

y |x=0= 0, y |x=π= 0

Ïîñëå ñîîòâåòñòâåííûõ ïðåîáðàçîâàíèé ýòó çàäà÷ó ìîæíî ñâåñòè ê ðåøåíèþ
n-ãî êîëè÷åñòâà çàäà÷ âèäà

ÿn(t) + n2yn(t) + ω2ẏn(t) = un(t), n = 1, 2, ...,

Ñ îãðàíè÷åíèÿìè
yn(0) = ϕn, ẏn(0) = ψn, n = 1, 2, ...,

Ïîñëå çàìåíû ïåðåìåííûõ ïîëó÷àåòñÿ óïðàâëÿåìàÿ ñèñòåìà ïîäîáíàÿ ðàññìîò-
ðåííîé âûøå

θ̈(τ) + θ(τ) + k2θ̇(τ) = υ(τ), τ > 0

θ(0) = ξ, θ̇(0) = η, | υ(τ) |≤ 1

Äëÿ ýòîé çàäà÷è ïîñòðîåíà îöåíêà äëÿ ñëó÷àÿ ñ åäèíñòâåííûì ïåðåêëþ÷åíèåì

T ′′ ≤ 1

k2
ln(

4

4− ω4
(ξ2 + 2 | ξ | +η2) + (1 +

1

2
(ξ2 + 2 | ξ | +η2)+

+
2k2

4− ω4

√
ξ2 + 2 | ξ | +η2)2)

Îöåíêà äëÿ ñëó÷àÿ áåç ïåðåêëþ÷åíèé

T ′ ≤ 1

k2
ln(

1

a2
η2 + (1+ | ξ | + k

2

aγ
| η |)2)

ãäå,

a =
k4 + γ2

2γ
, γ =

√
4− k4

Îöåíêà äëÿ ñëó÷àÿ ñ êîëè÷åñòâîì ïåðåêëþ÷åíèé áîëüøå 1

T ′′′ ≤ 2

k2
ln((e

k2π√
4−ω4 − 1)

1

2
(ξ2 + 2 | ξ | +η2)
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À òàêæå ïîñòðîåíà îöåíêà ìàæîðèðóþùàÿ âñå òðè ñëó÷àÿ

T ≤ 2

k2
ln((e

k2π√
4−ω4 − 1)

1

2
(ξ2 + 2 | ξ | +η2)+

+
1

k2
ln(

1

a2
η2 + (1+ | ξ | + k

2

aγ
| η |)2)+

+
1

k2
ln(

4

4− ω4
(ξ2+2 | ξ | +η2)+(1+

1

2
(ξ2+2 | ξ | +η2)+ 2k2

4− ω4

√
ξ2 + 2 | ξ | +η2)2)
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Çàêëþ÷åíèå.

Ðåøåíèå ïîñòàâëåíîé çàäà÷è ÿâëÿåòñÿ âàæíûì øàãîì äëÿ ðåøåíèÿ áîëåå ñëîæ-
íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ñ ðàñïðåäåëåííûìè ïàðàìåò-
ðàìè. Ïðè ðåøåíèå ðåàëüíûõ ïðèêëàäíûõ çàäà÷ ïîñòàíîâêà áóäåò èìåòü âèä
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (íàïðèìåð âîëíîâîå óðàâíåíèå èëè óðàâíå-
íèå
òåïëîïðîâîäíîñòè ). Óïðàâëåíèå äëÿ äàííûõ ñèñòåì èùåòñÿ â âèäå òî÷å÷íî-
ãî óïðàâëåíèÿ. Òî åñòü åñëè ìû èçó÷àåì íåêîòîðûé îáúåêò, êîòîðûé îáëàäàåò
ãëàäêîé ïîâåðõíîñòüþ (íàïðèìåð ìåìáðàíà), òî ìû ðàñìàòðèâàåì óïðàâëåíèå
íå âñåé åãî ïîâåðõíîñòüþ à ëèøü ñ÷åòíûì èëè êîíå÷íûì ìíîæåñòâîì òî÷åê
íà åãî ïîâåðõíîñòè. Ïðè òàêîé ïîñòàíîâêå çàäà÷è ïðè óâåëè÷åíèè êîëè÷åòñâà
òî÷åê êóäà ïðèêëàäûâàåòñÿ óïðàâëåíèå ìû ìîæåì ïîëíîñòüþ êîíòðîëèðîâàòü
îáúåêò êàê è â ñëó÷àå óïðàâëåíèÿ åãî ïîâåðõíîñòüþ. Â òàêîì ñëó÷àå ìû èìååì
n òî÷åê êóäà ïðèêëàäûâàåòñÿ óïðàâëåíèå è ñîîòâåòñòâåííî n çàäà÷ ïîäîáíûõ
ðàññìîòðåíûõ âûøå. Ïðè ðåøåíèè ñ÷åòíîãî êîëè÷åñòâà ïîäîáíûõ çàäà÷ ìû ïî-
ëó÷èì èñêîìîå óïðàâëåíèå è îöåíêó íà âðåìÿ ïðèâåäåíèÿ ñèñòåìû â ïîëîæåíèå
ðàâíîâåñèÿ. Íàèáîëåå ïîïóëÿðíûìè ÿâëÿåþòñÿ çàäà÷è óïðàâëåíèÿ ñîëíå÷íûì
ïàðóñîì (ïðèñïîñîáëåíèå, èñïîëüçóþùåå äàâëåíèå ñîëíå÷íîãî ñâåòà èëè ëàçåðà
íà çåðêàëüíóþ ïîâåðõíîñòü èìåþùóþ ôîðìó ìåìáðàíû äëÿ ïðèâåäåíèå â äâè-
æåíèå êîñìè÷åñêîãî àïïàðàòà) è òîïëèâîì â ðàêåòíîì íîñèòåëå ïðè äâèæåíèè.
Â çàêëþ÷åíèå õîòåëîñü áû îáîçíà÷èòü äàëüíåéøåå íàïðàâëåíèå èññëåäîâàíèé
â ýòîé îáëàñòè. Òàê êàê â ðàáîòå áûë ðàñìîòðåíà ëèøü âàðèàöèÿ ïàðàìåòðà
îòâå÷àþùåãî çà äèññèïàöèþ, òî îäíîì èç îñíîâíûõ ðàñøèðåíèé èññëåäîâàíèé
ÿâëÿåòñÿ ââåäåíèå ïàðàìåòðà îòâå÷àþùåãî çà îñöèëÿöèþ. Ðàñøèðåíàÿ ìîäåëü
èìåëà áû âèä

ẍ+ ηx+ ωẋ = u (75)

,ãäå η > 0 è ω > 0
Äëÿ äàííîé ðàñøèðåííîé ìîäåëè ïðåäïîëàãàåòñÿ ïîñòðîåíèå îïòèìàëüíîãî
óïðàâëåíèÿ äëÿ ðàçëè÷íûõ çíà÷åíèé (η, ω). Äàëåå ïîñòðîåíèå êðèâîé ïåðåêëþ-
÷åíèé äëÿ äàííîãî óïðàâëåíèÿ. È ïîñòðîåíèå îöåíêè äëÿ âðåìåíè íåîáõîäèìîãî
äëÿ äîñòèæåíèÿ äàííîé äèíàìè÷åñêîé ñèñòåìû ïîëîæåíèÿ ðàâíîâåñèÿ.
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